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Abstract-we examine harvest strategies for two models of an exploited ecological system. For 
the model with constant growth and death rates, an optimal constant harvest strategy is obtained. 
For the model with uncertainty occurring in the system parameters, a harvest strategy is proposed 
which stabilizes the biomass of the ecological system about a desired level, namely, the level generated 
by the optimal constant harvest strategy in the absence of uncertainty. 
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1. INTRODUCTION 
In [l], Lee and Ang investigated a logistic type seaweed growth model in which the growth and 
death rates of seaweed are known periodic functions of time, and they deduced an optimal periodic 
harvesting strategy which maximizes the average accumulated yield of an unspecified but periodic 
seaweed biomass having the same period as that of the growth and death rates. They noted, 
however, that in practice, a constant harvest rate is more practical, and hence, preferable to a 
time-varying one. In this note we consider first an ecological system with constant growth and 
death rates, and obtain an optimal constant harvest rate that maximizes the average accumulated 
yield of the biomass of the ecological system. Then, uncertainty is introduced into the model 
via the growth and death rates of the ecological system, and we address the following question. 
Suppose that we do not know the instantaneous growth and death rates of the ecological system 
except for the bounds of their possible variations. What should our harvest strategy be if we 
desire to maintain the biomass of the ecological system at or near the level that corresponds 
to maximum average accumulated yield in the absence of uncertainty? Clearly, when uncertain 
disturbances occur in both the growth and death rates of the ecological system, utilization of 
a constant harvest strategy can no longer assure a desired constant biomass of the ecological 
system. 
2. OPTIMAL CONSTANT HARVEST MODEL 
Consider an ecological system whose growth dynamics is described by 
rir= [(l-;)?-‘-d*]N, (1) 
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where N(t) denotes the biomass of the system at time t, fi is the time derivative of N, and K 
is a constant generally referred to as the carrying capacity of the species under consideration; r* 
and cP denote, respectively, the constant growth and death rates of the species. 
Let u* denote a constant harvest rate whose value is determined subsequently. The exploited 
ecological system associated with (1) may be written as 
I’?= [(1-$)r*-d']N-u*. 
If it is desired to find an optimal constant harvest rate u*, that is, one that maximizes the average 
accumulated yield of the above exploited system over a given time interval [to, ti] , namely, 
1 
JL-- J 
t1 
t1 - to to 
u*dt = IL*, 
and such that the biomass generated, N’, is also constant, then we obtain 
and 
N* = Wr* - d’) 
1 
1L*= ,(l_nr*_d;-*= K(r;;d*)2. (3) 
In fact, the above result can also be obtained from that presented in [l] since a constant function 
may be regarded as a special case of periodic functions. 
From an optimization point of view, harvesting at the rate u* indeed maximizes the average 
accumulated yield of the ecological system. However, it turns out that N = N* is an unstable 
equilibrium state of the exploited system (2). In real situations, it is very unlikely that the growth 
and death rates of the ecological system will remain constant for a long enough time to justify 
the use of the constant harvesting rate (3). Uncertain disturbances, for example, due to changes 
in the climatic conditions and changes in the surrounding environment, do occur in the growth 
and death rates of the ecological system. Thus, harvesting at the constant rate u* will result in 
an unstable exploited system at the biomass level N*. In the next section, we incorporate some 
elements of uncertainty in the model of an exploited ecological system described by (2). 
3. HARVEST MODEL WITH UNCERTAINTY 
Although we are not certain of the instantaneous growth and death rates of an ecological 
system, we may usually assume knowledge of the 
the following model of the exploited system: 
intervals in which these rates range. Consider 
r(t) - d(t) N - u(t), 
I 
(4) 
where r(t) and d(t) denote, respectively, the time-varying growth and death rates of the ecological 
system; they are not known to us but are assumed to be of the form 
r(t) = r* + AT(t), 
d(t) = d* + Ad(t), 
with the uncertain parts, Ar(t) and Ad(t), satisfying 
where 11 and 12 are known positive constants. 
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For economic or other reasons, if it is desired to maintain the ecological system biomass at the 
level N*, then the constant harvest rate, u*, must be replaced by a time-varying one, u(t), to 
account for the uncertain disturbances. 
Consider the transformation 
z(t) 2 iv(t) - N*, 
w(t) k u(t) - u*. 
From (4), 
(T* + Ar) - (d* + Ad) 1 
+N* [(1-qy (T* + Ar) - (d* + Ad) 1 - u* - w. (5) 
In view of (3)) (5) reduces to 
f = -$x2 + (Ar - AC& + N*) - $(z + N*)2 - w. (6) 
The nominal system (Ar = Ad = 0, u = u’) associated with (6) is 
* 
~=--T22 
K ’ 
which is unstable at z = 0. Hence, the stabilizing control w is split into two parts, one part to 
stabilize the nominal system (7), and the other part to counteract uncertainty. 
4. THE STABILIZING CONTROL 
In this section, we propose a control that stabilizes the uncertain ecological system (4) at the 
desired level N* regardless of the realization of AT and Ad. Let 
w(t) = w(t) + W2(4, (8) 
with 
WI(t) = ax(t) - $2(t), (9) 
and 
where a and e are positive parameters of our choice, and 
Pl e (Ix(t)l + iv*)& + 12) + $(x(t) + N*)2, 
p 6 -22(t)p1. 
01) 
On utilizing (8) and (9), (6) becomes 
~=-~z+(A~-A~)(z+N*)--~(I+N’)~-w~. (12) 
The choice of zlll(t) given by (9) clearly renders a new and stable nominal system (Ar = Ad = 0, 
w2 = 0). The theory of [2], with the choice of Lyapunov function candidate 
V(Z, t) = 2, 
yields a stabilizing control w2(t) as defined by (lo)-(11). 
It should be noted that the proposed stabilizing control (8) is unconstrained. However, for 
practical reasons, the implementable harvest rate u(t) must be nonnegative. Thus if the proposed 
harvest rate (8) is less than -u*, the implementable harvest rate is saturated at u(t) = 0 (no 
harvest). Indeed, if N(0) is small relative to the desired biomass N*, the proposed unconstrained 
harvesting rate u(t) might be negative; that corresponds to returning crop rather than taking it. 
In that event, one must impose limiting by employing w = -u*, that is, no harvesting. However, 
then the stabilizing behavior assured by the proposed unconstrained control can no longer be 
expected, namely, one can no longer guarantee reaching a biomass that is arbitrarily close to N‘. 
202 C. S. LEE AND G. LEITMANN 
5. SIMULATION RESULTS 
In this section, we report the results of some simulations to demonstrate the efficacy of the 
stabilizing control. Consistent with [l], we select r* = 1.5, d* = 0.15, K = 50.8, Ii = 0.25 and 
1s = 0.05. Consequently, N* = 22.86 and U* = 15.43. For the stabilizing control parameters, we 
choose a = 0.75 and E = 1. 
Simulations were carried out for three realizations of the parameter uncertainties and for two 
initial values of N: 
Ar(t) = -11, 
Ad(t) = -ls, 
(13) 
Ar(t) = --II cos2nt, 
Ad(t) = -/s sin 2rt, 
(14) 
Ar(t) : random variable E [-11,111, 
Ad(t) : random variable E [-12,121, 
(15) 
and N(0) = 17.86, N(0) = 27.86. 
Figures la(i)-(ii) and lb(i)-( ii correspond to the realizations of the parameter uncertain- ) 
ties (13). In Figures la(i) and la(ii), N(0) = 17.86, while in Figures lb(i) and lb(ii), N(0) = 
27.86. Figures la(i) and lb(i) display the biomass of the ecological system as a result of harvesting 
at the constant rate u*, while Figures la(ii) and lb(ii) show the biomass of the ecological system 
due to the stabilizing harvest rate u(t). As seen in these figures, harvesting of the perturbed 
system at rate U* results in monotonically decreasing biomass, while harvesting at the stabilizing 
rate u(t) leads to the desired biomass N* after about l/2 time unit. 
Figures 2a(i)-(ii) and 2b(i)-( ii correspond to the realizations of the parameter uncertain- ) 
ties (14). In Figures 2a(i) and 2a(ii), N(0) = 17.86, while in Figures 2b(i) and 2b(ii), N(0) = 
27.86. Figures 2a(i) and 2b(i) depict the biomass of the ecological system as a result of harvesting 
at the constant rate u*, while Figures 2a(ii) and 2b(ii) show the biomass of the ecological system 
due to the stabilizing harvest rate u(t). 
Figures 3a(i)-(ii) and 3b(i)-(’ ) ii correspond to the realizations of the parameter uncertain- 
ties (15). In Figures Sa(i)-(ii), N(0) = 17.86, whereas in Figures 3b(i)-(ii), N(0) = 27.86. 
Figures 3a(i) and 3b(i) show the biomass of the ecological system generated by the constant 
harvest rate IL*, while Figures Sa(ii) and Sb(ii) depict the ecological system biomass due to the 
stabilizing harvest rate u(t). 
In order to demonstrate the efficacy of the proposed stabilizing harvesting rate (8), that consists 
of a part which assures a stable nominal system and another part which counteracts the possibly 
deleterious effects of deviation from the nominal model, we present simulation results for the same 
uncertainty realizations employed above but with harvesting rate which assures only stability of 
the nominal model, that is, w = wi. 
Figures 4a and 4b correspond to the realizations of the parameter uncertainties (13). In 
Figure 4a, N(0) = 17.86, while in Figure 4b, N(0) = 27.86. Both figures display the biomass 
N(t) of the ecological system as a result of harvesting at the rate u(t) = u*+wr(t), (w(t) = WI(~)). 
Figures 5a and 5b correspond to the realizations of the parameter uncertainties (14). In Fig- 
ure 5a, N(0) = 17.86, while in Figure 5b, N(0) = 27.86. Both figures also depict the biomass N(t) 
of the ecological system due to the harvest rate u(t) = U* + WI(~). 
Figures 6a and 6b correspond to the realizations of the parameter uncertainties (15). In 
Figure 6a, N(O) = 17.86, while in Figure 6b, N(0) = 27.86. Both figures show the biomass N(t) 
of the ecological system and the harvest rate u(t) = U* + WI(~). 
The above figures show that harvesting at the rate u(t) = u* + wi (t) cannot guarantee reaching 
a biomass that is arbitrarily close to N*. Thus, both components of (8), namely, WI(~) and wz(t), 
are necessary in stabilizing the ecological system (4) about the desired level N* regardless of the 
realizations of the parameter uncertainties. 
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Figure la(i). Time history of the biomass N(t) of the ecological system with N(0) = 
17.86 as a result of harvesting at the constant rate u* in the presence of uncertainty 
realizations (13). 
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Figure la(ii). Time histories of the stabilizing harvest rate u(t) and the biomass N(t) 
of the ecological system with N(0) = 17.86 as a result of employing u(t) in the 
presence of uncertainty realizations (13). 
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Figure lb(i). Time history of the biomass N(t) of the ecological system with N(0) = 
27.86 as a result of harvesting at the constant rate U* in the presence of uncertainty 
realizations ( 13). 
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Figure lb(ii). Time histories of the stabilizing harvest rate u(t) and the biomass N(t) 
of the ecological system with N(0) = 27.86 as a result of employing u(t) in the 
presence of uncertainty realizations (13). 
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Figure 2a(i). Time history of the biomass N(t) of the ecological system with N(0) = 
17.86 as a result of harvesting at the constant rate U* in the presence of uncertainty 
realizations (14). 
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Figure 2a(ii). Time histories of the stabilizing harvest rate u(t) and the biomass N(t) 
of the ecological system with N(0) = 17.86 as a result of utilizing u(t) in the presence 
of uncertainty realizations (14). 
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Figure 2b(i). Time history of the biomass N(t) of the ecological system with N(0) = 
27.86 as a result of harvesting at the constant rate u * in the presence of uncertainty 
realizations (14). 
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Figure 2b(ii). Time histories of the stabilizing harvest rate u(t) and the biomass N(t) 
of the ecological system with N(0) = 27.86 as a result of utilizing u(t) in the presence 
of uncertainty realizations (14). 
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Figure 3a(i). Time history of the biomass N(t) of the ecological system with N(O) = 
17.86 as a result of harvesting at the constant rate u* in the presence of uncertainty 
realizations (15). 
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Figure 3a(ii). Time histories of the stabilizing harvest rate u(t) and the biomass N(t) 
of the ecological system with N(0) = 17.86 as a result of employing u(t) in the 
presence of uncertainty realizations (15). 
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Figure 3b(i). Time history of the biomass N(t) of the ecological system with N(0) = 
27.86 as a result of harvesting at the constant rate u* in the presence of uncertainty 
realizations (15). 
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Figure Sb(ii). Time histories of the stabilizing harvest rate u(t) and the biomass N(t) 
of the ecological system with N(0) = 27.86 as a result of utilizing u(t) in the presence 
of uncertainty realizations (15). 
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Figure 4a. Time histories of the harvesting rate u(t) = u* + wr(t) and the corre- 
sponding biomass N(t) of the ecological system with N(0) = 17.86 in the presence 
of uncertainty realizations (13). 
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Figure 4b. Time histories of the harvesting rate u(t) = u’ + q(t) and the corre- 
sponding biomass N(t) of the ecological system with N(0) = 27.86 in the presence 
of uncertainty realizations (13). 
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Figure 5a. Time histories of the harvesting rate u(t) = u* + .wr(t) and the corre- 
sponding biomass N(t) of the ecological system with N(0) = 17.86 in the presence 
of uncertainty realizations (14). 
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Figure 5b. Time histories of the harvesting rate u(t) = u* + WI(~) and the corre- 
sponding biomass N(t) of the ecological system with N(0) = 27.86 in the presence 
of uncertainty realizations (14). 
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Figure 6a. Time histories of the harvesting rate IL(~) = u* + WI(~) and the corre 
sponding biomass N(t) of the ecological system with N(0) = 17.86 in the presence 
of uncertainty realizations (15). 
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Figure 6b. Time histories of the harvesting rate u(t) = u* + tar(t) and the corre- 
sponding biomass N(t) of the ecological system with N(0) = 27.86 in the presence 
of uncertainty realizations (15). 
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6. CONCLUSION 
We have examined the harvesting strategies for an ecological system in situations where its 
growth and death rates are constant and also in situations where its growth and death rates are 
unknown functions of time with known bounds. 
We demonstrate first that, for the simple harvest model of an ecological system with constant 
growth and death rates, a constant optimal harvest rate u* can be obtained to maximize the 
average accumulated yield of the system. However, the corresponding level N* of the ecological 
system biomass is an unstable equilibrium state of the exploited system. Thus, the presence 
of uncertain disturbances in the system parameters may result in the biomass of the ecological 
system diverging from the optimal level N* if the constant harvest rate U* is employed. 
We then propose a harvest rate u(t) that drives the biomass of the ecological system from 
any initial level to and maintains it thereafter in an arbitrarily close neighborhood of the de- 
sired level N* (provided the harvest rate does not saturate); this neighborhood decreases with 
decreasing E in (10) as shown in [2]. 
From our simulation we observe that, although harvesting at a constant rate is simple and 
preferable in practice, it may lead to an undesirable outcome if uncertain disturbances occur 
in the system parameters. It is interesting to note that the harvesting rate which assures only 
stability of the nominal model, that is, u(t) = u* fwl (t), does quite well, but not as well as u(t) = 
U* + wl(t) + ~uz(t), of course, when the uncertainty is random. On the other hand, measurement 
of the biomass N is likely to be inaccurate also; consequently, the gain in performance due to 
additional harvesting rate w:! might be further vitiated in practice. 
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